
4.2 – Subspaces

De!nition: A subset 𝜔 of a vector space 𝜀 is called a subspace of 𝜀 if 𝜔 is

itself a vector space under the addition and scalar multiplication de!ned on 𝜀 .

Theorem 4.2.1 Subspace Test

If𝜔 is a nonempty set of vectors in a vector space 𝜀 , then𝜔 is a subspace of 𝜀
if and only if the following conditions are satis!ed.

a) If 𝛚 and 𝛆 are vectors in𝜔 , then 𝛚 + 𝛆 is in𝜔 .

b) If 𝜗 is a scalar and 𝛚 is a vector in𝜔 , then 𝜗𝛚 is in𝜔 .
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Example: (3) Use the Subspace Test to determine which of the sets are subspaces

of𝜛𝜚𝜚.
a. The set of all diagonal 𝜚 ω 𝜚matrices.

b. The set of all 𝜚 ω 𝜚matrices 𝜍 such that det(𝜍) = 0.
c. The set of all 𝜚 ω 𝜚matrices 𝜍 such that tr(𝜍) = 0.
d. The set of all symmetric 𝜚 ω 𝜚matrices.
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Example: (6) Use the Subspace Test to determine which of the sets are subspaces

of 𝜑3.
a. All polynomials of the form 𝛻0 + 𝛻1𝜕 + 𝛻2𝜕2 + 𝛻3𝜕3 in which 𝛻0, 𝛻1, 𝛻2, and 𝛻3
are rational numbers.

b. All polynomials of the form 𝛻0 + 𝛻1𝜕 in which 𝛻0 and 𝛻1 are real numbers.
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Example: (11)Use the SubspaceTest to determinewhich of the sets are subspaces

of𝜛22.
a. All matrices of the form⌋𝛻 0ℵ 0⌈.
b. All matrices of the form ⌋𝛻 1ℵ 1⌈.
c. All 2 ω 2matrices 𝜍 such that 𝜍 ⌋ 1ε1⌈ = ⌋20⌈.
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Example: (14)Use the SubspaceTest to determinewhich of the sets are subspaces

of ℶ4.
a. All vectors 𝛝 in ℶ4 such that 𝜍𝛝 = ⌋01⌈, where 𝜍 = ⌋ 0 ε1 0 2ε1 1 0 1⌈
b. All vectors 𝛝 in ℶ4 such that 𝜍𝛝 = ⌋00⌈, where 𝜍 is as in part (a).
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Theorem 4.2.3 The solution set of a homogeneous system 𝜍𝛝 = 𝛡 of ℷ equa-

tions in 𝜚 unknowns is a subspace of ℶ𝜚.
De!nition: The solution set of a homogeneous system in 𝜚 unknowns is a sub-

space of ℶ𝜚, called the solution space of the system.

De!nition: Let ℸ𝜍 ϑ ℶ𝜚 ⋛ ℶℷ be multiplication by the coe"cient matrix 𝜍.
The solution space of 𝜍𝛝 = 𝛡 is the set of vectors in ℶ𝜚 that ℸ𝜍 maps into the

zero vector in ℶℷ. This set is called the kernel of the transformation.

Theorem 4.2.4 If𝜍 is anℷω𝜚matrix, then the kernel of the matrix transforma-

tion ℸ𝜍 ϑ ℶ𝜚 ⋛ ℶℷ is a subspace of ℶ𝜚.
Theorem 4.2.2 If 𝜔1, 𝜔2,… , 𝜔⊳ are subspaces of a vector space 𝜀 , then the

intersection of these subspaces is also a subspace of 𝜀 .
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Examples of Subspaces{𝛡} is a subspace of every vector space 𝜀
Any vector space 𝜀 is a subspace of itself

Subspace of ℶ2
Lines through the origin

Subspaces of ℶ3
Lines through the origin

Planes through the origin

The solution space of a homogeneous system in 𝜚 unknowns is a subspace of ℶ𝜚
Subspaces of𝜛𝜚𝜚
Symmetric matrices

Triangular matrices

Diagonal matrices

Subspaces of ⊲(εϖ,ϖ ) (The following is actually a sequence of nested subspaces)0 (-ϖ,ϖ ), the set of functions continuous on ℶ01(εϖ,ϖ), the set of functions with continuous !rst-order derivatives on ℶ0𝜚(εϖ,ϖ), the set of functions with continuous 𝜚12-order derivatives on ℶ0ϖ(εϖ, ϖ), the set of functions with derivatives of all orders on ℶ𝜑ϖ, the set of polynomials𝜑𝜚, polynomials of degree ⋜ 𝜚
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